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Abstract 



Using a new method we give elementary estimates for the capacity of non-contractible 
annuli on cylinders and provide examples, where these inequalities are sharp. Here the lower 
bound depends only on the area of the annulus. In the case of constant curvature this lower 
bound is obtained with the help of a symmetrization process that results in an annulus of 
minimal capacity. In the case of variable negative curvature we obtain the lower bound by 
constructing a comparison annulus with the same area but lower capacity on a cylinder of 
' constant curvature. The methods developed here have been applied to estimated the energy 

l/^ , of harmonic forms on Riemann surfaces in [Mu] . 

in 
o 



1 Introduction 

We will first give the definition of a cylinder. Let Ek be a simply connected surface of constant 
(sectional) curvature or variable negative curvature, where K denotes the supremum of the 
. curvature in Ek- 

Let 7 C Ek be a geodesic arc of length /(7) < diam(ii^/^). For each point p S 7 there exists a 
geodesic arc 6p that is perpendicular to 7 and that passes through p. We denote by a strip S of 
constant length the set that is formed by the union of such geodesic arcs, i.e. 

S=lj{6p}. 

Here all endpoints of the arcs 5p on one side of S shall have the distance a to 7 and the endpoints 
on the other side shall have distance b to 7, where b < a < '^'^™^^^) (ggg pig^ [i]and Fig. [^. This 
condition ensures that the different 6p do not intersect. 
A cylinder with baseline 7 or shortly cylinder C is 

C = S mod M, 



*E-maiI address : bjorn.mutzeI@gmaiI.com 



1 



such that the sides of S containing the endpoints of 7 are identified by an isometry M G 
Isoui^ (Efc)- Here we assume that such a M exists for S, which is always true in the case 
of constant curvature. 




Figure 1: A strip S in Ei with basehne 7, the corresponding cyhnder C with a contractible 
annulus A and a non-contractible annulus B that has minimal capacity among all annuli with 
area area(i?). 




Figure 2: A strip S with baseline 7 in a surface E-i with constant curvature —1, the correspond- 
ing cylinder C with a non-contractible annulus A and the annulus B that has minimal capacity 
among all annuli with fixed area area(A) = area(-B). 

There exist two types of annuli on C, contractible and non-contractible annuli (see Fig. QJ Fig. 
and section 2). We will consider only non-contractible annuli which we call shortly annuli in the 
following sections. 

We obtain the following two theorems concerning the lower bound of the capacity of annuli 
on cylinders: 
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Theorem 1.1 Let C be a cylinder of variable negative curvature smaller than K = —k'^. Let 7 
be its baseline of length ^(7) = I. Let A C C be a non-contractible annulus of finite area area(j4). 
Then for W = arcsinh(^^^^^^^) and hi{x) = 2 arctan(exp(x)), we have 

^"P(^) - h,{w')'-U-w'y 

In the hmit case /c — )• 0, we obtain cap(j4) > jj^;^^- 

If C has constant curvature then the theorem says the following. Among all annuli of fixed 
area on a cylinder with baseline 7, the annulus with constant length, centered around 7 has 
minimal capacity (see Fig. In this case the inequality is sharp. This is also the annulus, 
whose boundary line has minimal length among all annuli of fixed area. This means that for this 
annulus the isoperimetric inequality for (non-contractible) annuli on cylinders is sharp. There 
is no such lower bound depending on the area for contractible annuli. In the case of constant 
positive curvature, we obtain: 

Theorem 1.2 Let C be a cylinder of constant curvature K = k"^ and let 7 be its baseline of 
length /(7) = Let A C C be a non-contractible annulus of finite area area(74). Then for 

Tjr/ ■ / k a,rca(A)—l sinika) \ j i, / \ i / l+smfx) \ 7 

W = arcsm( —'-i — -) and n2\x) = log I ^^^^^-^ j, we have 

The theorem says that among all annuli of fixed area on a cylinder of constant positive curvature 
with baseline 7, the annulus with constant length, where one boundary is the shortest boundary 
of the cylinder itself, has minimal capacity (see Fig. [I]). As in the case of constant negative cur- 
vature this is the annulus that satisfies the isoperimetric inequality for annuli. For more general 
results about the isoperimetric inequality and capacity, see |Gr| . 

The result for the cylinders of constant curvature is obtained with the help of a symmetriza- 
tion process that results in an annulus of minimal capacity. The result for cylinders of variable 
negative curvature is obtained by comparing the capacity of an annulus with the capacity of an 
annulus on a comparison cylinder of higher, constant, curvature. We will prove these theorems 
in section 3. Using the same methods, we will derive lower and upper bounds of the capacities 
of annuli on cylinders in section 4. These results are stated in Theorem 14.11 The methods 
developed here have been applied to estimate the energy of harmonic forms on Riemann surfaces 
in [Mu]. 

In [G], Gehring provides elementary estimates for the capacity of rings in M", taken with respect 
to an arbitrary metric. Here the upper bound is constructed with the help of a test function 
that increases linearly along geodesies that realize the distance between a point on one boundary 
and the second boundary. It is noteworthy that this method can be adapted to obtain an upper 
bound for annuli on cylinders. 
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2 Preliminaries 



Basic definitions 

There exist two types of annuli on C, contractible and non-contractible annuli (see Fig. {1\ and 
Fig. Here a non-contractible annulus or shortly annulus A C C on a cyhnder C is a set that 
can be obtained by a continuous deformation of C. More precisely there exists an isotopy 

J : C X [0, 1] ^ C, such that J(-, 0) = id and J(C, 1) = A. 

We denote by diA and 82 A the two connected boundary components that constitute the bound- 
ary dA. Let 

(f) : [0,ci]x]c2,C3[ mod {(0,s) ~ (ci,s) | s G]c2,C3[} C 

be a bijective parametrization of C and G the corresponding metric tensor. Let F £ Lip(^) a 
Lipscliitz function on the closure of A. Then the energy of F on A, Ea{F) is given by 

Ea{F)= II \\D{FocP)\\l_, Tdi^M- 

<t>-HA) 

The capacity of an annulus A, cap(^) is given by 

cap(^) = inf{^^(F) I {F G Lip(i) 1 = 0,F\a^^A) = !}}• 

For further information about the definition of the capacity in metric spaces, see |GT| . 

Fermi coordinates 

Let Ek be a simply connected surface of either constant curvature or variable negative cur- 
vature. Let ly C Ek be a geodesic, v divides Ek into two parts, Ej^ and E^. Let 7 C be a 
geodesic arc of length l('y) < diam(£';^) with endpoints pi and p2. 

It follows from |K1| . p. 62-64 that for each point p 'j there exists a unique geodesic 6p that is 
perpendicular to 7 and that passes p. The Fermi coordinates with base point pi and baseline 7 
in Ek are an injective parametrization 

il;:D=[0, /(7)] x]a, Ek,^1^ : {t, s) ^ s) 

with a < < 6 and \b\ < \a\ < ^l^E^^Kl^ such that the parametrization satisfies the following 
conditions : 

Each point q = ■ip{t, s) G ip{D) can be reached in the following way. Starting from the base point 
pi we first we move along 7 the directed distance t to ^(t, 0) = p and then from ^/>(t, 0) = p, we 
now move along 6p the directed distance s to ip{t, s) = q. 
All image tp{D) = S" is a strip. We remind that a cylinder with baseline 7 is 

C = S mod M, 

such that the side of S containing pi is identified by an isometry M G Isom^ {Ek) with the side 
of the strip S containing p2. 
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Any cylinder of variable negative curvature or constant curvature can be parametrized in Fermi 
coordinates (see | iKlj . p. 62-64). It is a well-known fact that in the case of negative curvature 
the image of 7 is the shortest simple closed geodesic on C. 



Cylinders of constant curvature 

If Ek has constant curvature K then a model of Ek is the hyperbolic plane K < 0, the 
Euclidean plane K = 0, and the sphere UK > 0. We will use the following models for the 
simply connected surfaces of constant negative curvature and positive curvature : 
In the case of negative curvature K = —k'^, set Ek = EI, where HI is the Poincare model of the 
hyperbolic plane. It is the following subset of the complex plane C : 

M = {z = x + iy£C\y>0} 

with the hyperbolic metric 

{kyy 

As the metric is conformal, the hyperbolic energy of a function F on a set L, F : L C HI — > M is 
equal to the Euclidean energy of F. 

The parametrization tp : [0,l]xR mod {(0, s) ~ (/, s) [ s G M} ^ EI 

cosh(Ks) 

parametrizes a cylinder C with baseline 7 = {iy \ y € [1, exp(fcl)]}. 

In the case of positive curvature K = k"^, set E^ = S^, where is the sphere dBi iQ) C M^, the 

boundary of the ball of radius ^ . The parametrization ^ : [0, x]a, h[ mod {(0, s) ^ {l,s) | s G 
]a,6[}^S| ^ 

ip{t,s) := — (cos (kt) cos (ks), sin (kt) cos (ks), sin (ks)) 
k 

parametrizes a cylinder C C S| with baseline 7 = {(^ cos{ky), 0, 0) | y G [0, 1]}. 

Using these models, we obtain the metric tensor G with respect to the Fermi coordinates : 

G(M)=(V'°), (1) 

where 

h{t,s) = h{s) = cosh{ks), if K = -k^ and h{t, s) = h{s) = cos{ks), if K = k^ . (2) 
Cylinders of variable negative curvature 

Let C = S mod M be a cylinder with variable negative curvature bounded from above by 
K. Then with respect to the Fermi coordinates ip for C, the metric tensor G has the same shape 
as in equation ([T|). 

Let 7 be the baseline of C. Now the Fermi coordinates parametrize 7 with unit speed. It follows 
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furthermore from the fact that 7 is a geodesic in C that the derivative of h{t, s) with respect to 
s is zero, if s equals zero. Hence 

h{t,0) = l and ^^ = 0. 

OS 

If K{t, s) is the curvature in the point ^p(t, s) € C then it fohows from equation ([T| that 

d^h{t,s) 



h{t,s) ■ K{t,s) 



If the curvature of C is bounded between — /c^ and —ki=K then we obtain the following 
result with the help of the last two equations. Applying Cauchy's mean value theorem twice to 
co.h(K)Icosh(M) ' ^ {1'2}, we obtain : 

cosh(A;2s) > h{t,s) > cosh(A;is) for all t G [0,l{-f)]. (3) 

Using this inequality and the previous two equations a simple application of the mean value 

ah{t,s) afc(t.o) 

theorem of differentiation applied to — — gives us for all t € [0, /(7)] 

dh(t,s) , , dh(t,s) 

— < for s < and — > for s > 0. 

OS OS 

Area and directional capacity 

Using the formulas for the metric tensor G, the area of an annulus A, area(^) is given by 

area(^) = jj ^/det{G{t, s)) dsdt = jj h{t,s)dsdt. (4) 

Now let A C C be an annulus and : j4 — )■ R be a Lip(^) function. For a x = ip{tQ, sq) G C 
denote by 

: T^C {X — I A G M| 

the orthogonal projection of a tangent vector in x onto the subspace spanned by ^^fto.^o) ^ We 
denote by Eji{d2F) = Ea{p-4){DF)) the energy of this orthogonal projection of DF. 
Let L C C be a strip or annulus. For technical purposes, we also define the capacity of L in 
direction 82, capQs{L) or shortly directional capacity by 

capas(L) = mi{EL{d2F) \ {F G Lip(Z) | F\q^^l) = O.^la^CL) = !}■} 
Using Fermi coordinates, we obtain for the energy Ea{F) of F on A, with F o ^ = f : 

Ea{F)= jj ^^l^ + h{t,s)^^^\sdt> jj h{t,s) (^^i^y dsdt = EA{d2F). 

(5) 

Using equation ([5]), we obtain the following lemma. Note that we can drop the condition a < 0. 
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Lemma 2.1 Let S = ^([0, /(7)] x]a, 6[) C Ek be a strip and C = S mod M he a cylinder with 
baseline 7. Then we have 

cpa^iO = capas(5) = / dt, where H{t, = / ds. 

t=o 



proof of Lemma 12.11 For any function F € Lip{C), F\q^c = 0, Flg^c = Ij with F o tp = we 
obtain by inequality ([5]) that 

EciF)> 11 hit,s)^^i^y dsdt. 

Solving the Euler-Lagrange equation (see [GeJ p. 152-154), we can determine the function P = 
p o ip^^ € Lip(C') that satisfies the boundary conditions on C and such that p minimizes the 
second integral in the above inequality (j5]). We obtain 

p{t,s) = ciH{t,s) — C2, where 

1 H{t,a) 
c\ = — - — — r and C2 ^ 



H{t,b) - H{t,a) H{t,b) - H{t,a) 

Hence for all F G Up{C),F\d^c = 0,F\9^c = 1 : 



EciF)> jjh{t,s) (^J^'j dsdt='j J hit,s)(^^y dsdt. 



V)-l(C) t=Os=a 



We obtain capgs(C) = capas(S') = J gft b)-H(t a) f'^o™ which follows the lemma. □ 

t=o ' 

If Ek has constant curvature, then we obtain : 

{ hijks) ry- _ _7,2 

H^s) if ■ (6) 

k 

Here hi{s) = 2 arctan(exp(s)) and /i2(s) = log (^^^7^^^^^ (see Theorem 11.11 and ll.2p . 

In the case of constant curvature P is the minimizing function for the capacity problem and we 

have 

dPoip 

cap(C) = capgs(5) = Es{P), where P harmonic and — — — = 0. (7) 
We note that in any case capas(S) is decreasing, if the length of the strip S is increasing. 
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3 Lower bounds on the capacity depending on the area 



Cylinders of constant curvature 

We will first prove Theorem 11.11 and 11.21 for cylinders of constant curvature. The proof consists 
in replacing in three steps the initial annulus A = Aq, with a set Ai such that 

capQsiAi) > capQs{Ai^i) and area(j4j) = area(A). 

In the final step, we obtain an annulus A^ of constant length that satisfies capgs(^3) = cap (^3). 

Step 1 : Reduction of the number of subsections 

Let A be an annulus of fixed area on a cylinder C with baseline 7. For each p (z 'j there is a 
geodesic arc 6p that is perpendicular to 7 and that passes through p. We call dpCiA = rjp a, section 
of A. We call a geodesic arc r]i that forms a connected component of a section a subsection. We 
furthermore define the type of the subsection. The type depends on the boundary condition 
imposed by the capacity problem. We say that a subsections rji is of type aa, if the boundary 
conditions on rji imply that the boundary values on both sides of the subsection are equal. We 
say that rji is of type ab if the boundary conditions imply that the values on the two sides are 
different. Note that capas(') is well-defined on sections and subsections. 
We may assume that a section rjp is given in Fermi coordinates by 

Tip Tip 

r/p = IJ r/j = tpiit} X [J]aj, bi[) where m <bi < a^+i. 

i=l i=l 

Here the number of subsections is finite. It will be clear from the proof that the proof also applies 
if the number is infinite. 

In this step we reduce the number of subsections in each section of A to one, such that the total 
area of A does not change. Note that in each section there must be a subsection of type a6, 
because A is a non-contractible annulus. 

rip 

To execute Step 1 we apply the following algorithm to each section r/p = |J ?7j : 

i=l 

Starting from i = 1, we go consecutively through the subsections rji. For fixed i we first replace 
r]i U r/j_|_i by one subsection rj' . We obtain rj' by elongating one of the subsection in direction of 
the other. If both rji and r/j+i are of the same type, we elongate r/j in direction of r/i+i- 
If one subsection is of type aa and the other subsection is of type ab, then we elongate the 
subsection of type ab in direction of the subsection of type aa. 

Let WLOG rji be the subsection that is being elongated. We note that for a subsection rji of type 
aa we have capas(7/j) = 0. It follows from Lemma 12.11 that capas(r/,) decreases, if the length of 
r]i increases. Hence 

capas(?/j U = capgs(??i) + capdsim+i) > ca-Vdsim) > capdsir]'). 
We elongate r/j to obtain r]' = ip{{t}x]ai, b[) in a way such that 

Jh{t,s)ds+ J h{t,s)ds = Jh{t,s)ds. (8) 
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Using ([8]) in equation Q, this condition ensures that the set Ai obtained in this way has the 

same area as the annulus A. 

Finahy we set rj' := r/j+i and go to i + 1. 

When we apply this algorithm to a section r]p we obtain a single connected section rj'p. We obtain 
Ai by applying this algorithm to all sections of A. We have 

capQsiA) > capgs(^i) and area(Ai) = area(^). 

Step 2 : Positioning the sections 

A section rjp of Ai in Fermi coordinates is WLOG given by 

Vp = tp{{t}x]ai{t),a2{t)[). 

In this step we replace each rip with a section rfp, such that the resulting annulus A2 has the 
same area. 

li K > 0, we replace rjp with a section rj'p = ■0({t}x]a, situated near the shorter boundary 

of C. li K < 0, we replace it with a section rjp = 'ip{{t}x] — W{t), W{t)[) centered around 7. 
To ensure that the resulting annulus A2 has the same area as Ai, we have to solve the equations 

a2(i) Wit) a2(t) Wit) 

j h{s) ds= j h{s) ds if K <^ and j h{s) ds = J h{s) ds if K >0 (9) 

ai(i) -Wit) ai{t) a 

with respect to W{t) to obtain the length coordinates of the section r]p (see equation ([2]) and 
(gD). Then it foUows that 

capas(f?p) > capas(??p) 

from Lemma 12.11 and equation ([6]) . 

Replacing all sections r]p of Ai by the corresponding section rj'p we obtain the annulus A2 of lower 
directional capacity with area(^2) = area(A). 

Step 3 : Averaging the lengths of the sections 

In this step we replace A2 by an annulus A3 of constant length. If < we replace A2 
with an annulus centered around 7. If iiT > we replace A2 with an annulus situated near the 
shorter boundary of C. 

A section of A2 in Fermi coordinates is WLOG given by 

7p{[{t}x]ai(t),a2{t)[), where - ai{t) = a2{t) = W{t), ii K < and ai{t) = a, if K > 0. 

To obtain an annulus ^3 of the same area as A2 we have to solve the equation 
/ Wit) I w 

area(A2) = j J h{s)dsdt = j j h{s) ds dt = aieaiAs) if K<0, 

t=Os=-W{t) t=Os=-W 
I Wit) I w 

area(A2) = j j h{s)dsdt = j j h{s) ds dt = areaiA^) if K > 0. 

t=0 s=a t=0 s=a 
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with respect to W to obtain the length coordinates of ^3. We obtain : 

1 , fka,rea(A)\ 

W = - arcsinh ^ if K <0, 

k \ 2 ■ I J 

1 / /c area(A) + ^ sin(A;a) \ , , ^ 

W = - arcsin ^—^ ^ — if K > 0. (10) 



k \ I 

It remains to show that 

capas(^3) < capas(^2)- 
Applying Lemma 12.11 and equation ([6]) , this is equal to 

k-l } k 



< / , — , . dt a K < 0, 



hi{kW) - hi{-kW) - J hi{kW{t)) - hi{-kW{t)) 

t=o 

I 

< [ ———^-——-dt if K>0. (11) 



h2{kW) - h2{ka) " J h2{kW{t)) - h2{ka 
t=o 

This result follows from an application of the integral version of Jensen's inequality. If if : M_|_ — ) 
M is a convex function, then : 

^( I f{t)dt \ < I jip{l-fit))dt. 
\t=o / t=o 

Here we use the result for W from equation (|10p in inequality (|lip and set 

W{t) 

/k ■ I 
h{s)ds and cp{x):=— . ,. — rrTk^ if ^ < 0' 
/ii(arcsmh(^)) - /ii(- arcsmh(^)) 

s=-W{t) 
W{t) 

f{t):= [ h{s)ds and (^(x) := — ,fc..+LL^^ , ^ if > 

J n,2(arcsin( -, — — '-)) — h2[ka) 



in Jensen's inequality. This way we obtain inequality (llip . 

We obtain always the same annulus A3, independent of the starting annulus A. This annulus 
satisfies ca'pQ^{A^) = cap (A3) (see ([7])). This proves Theorem ll.ll and ll.2l in the case of cylin- 
ders of constant curvature. □ 



Cylinders of variable negative curvature 



Now let C be a cylinder of variable negative curvature with baseline 7 of length I. We as- 
sume that the curvature of C is bounded from above hy K = —k\. Let A = Aq &n annulus of 
fixed area. Here we proceed in two steps. 

First we apply Step 1 from the case of constant curvature to obtain Ai. From Step 1 we obtain 
an annulus Ai of equal area and with lower directional capacity than Aq. 
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In the following Step 2 we show that cap9s(^i) is always bigger than the capacity of a certain 
comparison annulus of fixed length on a comparison cylinder of constant curvature —kf. 

Step 2 : Comparison with an annulus of constant negative curvature 

Each section of Ai consists of a single geodesic arc rjp. Now we compare the directional en- 
ergy capdsiVp) with the directional energy of a section rjp in a comparison cylinder C with 
baseline 7 of length /(7) = / of constant negative curvature —kf. 
We have that ijp is given in Fermi coordinates by 

rjp = i){{t}x]ai{t),a2{t)[) C Ai. 

We choose a section r/^ C C centered around 7, such that for t G [0, 1] 

a2{t) W(t) 

j h{t, s) ds = I{t) = J cosh{kis) ds . 

s=ai{t) s=-W{t} 

This condition ensures that the corresponding annulus A2 C C has the same area as Ai (see 
equation ([2]) and (|4])). The above equation is equal to 

I{t) = ^ sinh(A;i • W{t)) ^ W{t) = ^ arcsinh(^^i-^). (12) 
ki ki 2 

To obtain capgs(^i) > capas(^2) with the help of Lemma 12.11 we have to show that for all 
t G [0, /] 

a2{t) W{t) 

> — ^ / — ds< / — - ds. (13) 



a2{t) - W{t) J h{s,t) ~ J cosh(A;is) 

I hlh)"^' i" ^^^Sik^ds a,(t) -W(t) 

ai{t) -W{t) 

We now replace W{t) from equation p2|) in equation (|13p . We note that — arcsinh(x) 
arcsinh(— x). Using integration by substitution we obtain : 

Wit) I{t) 

ds = - / ; ds. 



cosh(A;is) 2 J cosh^(arcsinh(^)) 

-w(t) -m 



with cosh^(arcsinh(a;)) = 1 + this simplifies to 



W(t) lit) 

■ ds = — I ; ds. 



cosh(A;is) 2 7 1 + (^)2 

-Wit) ~m 

Now as i arctan(aa;)' = i^^^^^y^ and as — ^ arctan(aa;) = ^ arctan(ax) we obtain that 

Wit) 



2 MI{t). 
ds = — arctani 



/ ........ 

J cosh(A;is) ki 2 
-Wit) 
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By inequality ([3]) we have that h{t,s) > cosh(A;is) for ah t € [0,/]. Hence we obtain on the 
left-hand side of ([TSD 



12 (t) 



a2(t) 



ai(i) 



h{t,s) 



ds < 



ai{t) 



1 2 

— — - ds = — (arctan(exp(fcia2(t))) — arctan(exp(A;iai(t)))) . 

cosh(A;isj ki 



We now consider the right-hand side of inequality (jl3p . Due to the monotonicity of the arctan 
function and as h{t,s) > cosh(A;is) we have 



2 ,kil(t), 2 

— arctani ) > — arctan 

ki ^ 2 ' - ki 



I a2(i) 



\ 



2 

V 11 (i) 



cosh(A;is) ds 



J 



ki 



arctan 



sinh(A;ia2(t)) — sinh(A;iai(t)) 



As for aU ai{t),a2{t) € M, a2(t) > ai{t) 



arctan(e(''i''2(*)) - arctan(e'=i"i(*)) < arctan 



sinh(A;ia2(t)) — sinh(A;iai(t)) 



we obtain in total inequality (|13p 

12 W 



W{t) 



ai{t) 



h{t,s) 



ds < 



1 



-W{t) 



cosh.{kis) 



■ ds. 



It follows that capgs(^i) > capQs{A2). Hence for all Ai from Step 1 there exists an comparison 
annulus A2 in a cylinder of constant curvature —kf, such that area(A) = area(^i) = area(^2) 
and such that A2 has lower directional capacity. For this annulus we obtain a lower bound based 
on the area from the previous proof. This concludes the proof in the case of annuli on cylinders 
of variable negative curvature. □ 



4 Inequalities for the capacity of an annulus on a cylinder 

The upper and lower bound for the capacity of an annulus A can be obtained in the following way. 
To obtain an upper bound, we can evaluate the energy of any test function Ft € Lip(A) that 
satisfies the boundary conditions for the capacity problem for A. We can easily construct a test 
function by adjusting the minimizing function P from Lemma 12.11 to the boundary, such that 
P is the minimizing function for capgs(^). We can evaluate our choice by evaluating capgs{A), 
which provides the lower bound for cap(^). This approach works immediately for an annulus A 
that can be parametrized in Fermi coordinates in the following way : 

A = iP{{t,s) I s G [ai(t),02(t)],t G [0,/]}, 

where ai(-) and a2(') are piecewise derivable functions with respect to t. 

In this case, we say that our annulus is of type A. As ai(-) and a2(') are functions each section 
of A consists of a single geodesic arc. 

We say an annulus is of type B if it is not of type A and if its boundary is a piecewise differen- 
tiable curve. In this case the approach can be adapted to obtain an upper or lower bound. Here 
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the lower bound can be constructed by the same method, which we present in the fohowing. 
Though the method can also be adapted to obtain an upper bound for any annulus of type B, 
we think that this upper bound deviates too much from the real value of the capacity and we 
will not present this approach here. 

As mentioned in the introduction, different test functions are used in [G] to obtain an upper 
bound for the capacity of annuli. These methods can also be applied in the current situation. 
However, the upper bound presented in this section is more practical and explicit. The result 
of this section has been used to estimated the energy of harmonic forms dual to a canonical 
homology basis on Riemann surfaces in |Mu] . 

Annuli of type A 

The following theorem can be concluded from the discussion above. For a definition of H see 
Lemma 12.11 : 



Theorem 4.1 Let S C Ek be a strip and C = S mod M he a cylinder with baseline 7 of length 
Kl) — ^- -^6^ A C C be an annulus of type A and P € Lip(^) be the function whose energy 
realizes capas(^); then 

I 

Ea{P) > cap(yl) > capas(^) = EA{d2P) = [ ^ dt. 

J H{t,a2{t)) - H{t,ai{t)) 
t=o 

If C has constant curvature K then we obtain with qi{t) = —^^\so=ai(t) ' f^'"^ ^ ^ {l'^}.' 

i I j q-i{t?+qi{t)q2{t)+q2{tf ' ^ 

I H{a2{t))-H{a,{t)) " "^^^^^ " / H{a2{t)) - H{ar{t)) '^^^ 



t=o t=o 



proof of Theorem 14.11 The first inequality follows from the previous paragraph. The lower 
bound follows from the representation of the optimal function P for cap^g (A) in Fermi coordinates 
and Lemma 12.11 

It remains to prove the first part of the second inequality. For the upper bound, we will calculate 
p = P o ip~^ explicitly. For fixed t € [0, /], the boundary conditions imply 

p{t,.s) = ci{t)H{s) — C2{t), where 

1 , . N H(ai(t)) 

ci{t) = and C2{t) - ^ ^ 



Hia2{t))-Hiai{t)) ^ H{a2{t)) - H{ai{t)y 

We now calculate the energy of P on A^ Ea{P)- It follows with H{s)' = : 

dp{t,s) ci{t) dp{t,s) , , 

-d^=h(^ and -^ = c,{t)-H{s)-c,{t). 

Hence we obtain : 
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H{a2it)) 

dt. 

u=H(ai{t)) 



I (12 (i) 

Ea{P)= I I {c[{t)-H{s)-c',{t)f-^^ + ci{tf-^^dtds. 

t=Os=ai{t) 

Evaluating the integral with respect to s, we have 

t=o 

We have for c[it) and c!,(t), as qi{t) = ^^|so=a,(t) • <{t) for i G {1,2}: 

qiit)-q2it) , qi{t)H{a2{t)) - q2{t)H{ai{t)) 

''^'> {H{a,{t))-H{a^{tW ^ {H{a,{t)) - H{a^{t))y ' 

f <iiif?+<ii{t)i2it)+q2(t? 

With these equations Eb{p) = Ea(P) simplifies to / — ^— — -— — dt. 

J H{a2{t)) - H{ai{t}) 
t=o 

This is the upper bound in Theorem 14.11 □ 

It is clear that the upper and lower bound are nearly optimal, if the boundary has only small 

.„...,,../«.,,.,.,.,..,....., ,....„....,„.,,,,^^^^ 

t=o 

choose an annulus A" in the interior of A, whose boundary line varies less. Then a test function 
can be constructed on this annulus as above. We can then evaluate the energy of this test func- 
tion, to obtain a better upper bound. 
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